We theoretically investigate the dynamical Franz-Keldysh effect in femtosecond time resolution, that is, the time-dependent modulation of a dielectric function at around the band gap under an irradiation of an intense laser field. We develop a pump-probe formalism in two distinct approaches: first-principles simulation based on real-time time-dependent density functional theory and analytic consideration of a simple two-band model. We find that, while time-average modulation may be reasonably described by the static Franz-Keldysh theory, a remarkable phase shift is found to appear between the dielectric response and the applied electric field.
In last two decades, intense coherent light of different characteristics have become available owing to advances in laser sciences and technologies. Ultrashort laser pulses can be as short as a few tens of attosecond, forming a new field of attosecond science [1] . Intense laser pulses of mid-infrared (MIR) or THz frequencies have also become available recently [2, 3] . Employing these extreme sources of coherent light, it is possible to investigate the optical response of materials in real time with a resolution much less than an optical cycle [1, [4] [5] [6] [7] [8] .
The dielectric function ε(ω) is the most fundamental quantity characterizing the optical properties of matter. Modulation of the dielectric function in the presence of electromagnetic fields have been a subject of investigation for many years. The change under a static electric field is known as the Franz-Keldysh effect (FKE) [9] [10] [11] [12] [13] [14] [15] [16] , and that under an alternating electric field is known as the dynamical FKE (DFKE) [17] [18] [19] [20] [21] [22] . An important parameter which distinguishes DFKE from the static FKE is the adiabaticity parameter γ = U p /Ω, where U p = e 2 E 2 /4µΩ 2 is the ponderomotive energy, and Ω is the frequency of the field, µ is the reduced mass of the electron, and E is the electic field [19] . A multi-photon picture applies for γ << 1, and a static FKE picture is appropriate for γ >> 1. Laser pulses having γ ∼ 1 is an intriguing regime where novel and unobvious DFKE phenomena are expected.
In previous investigations of DFKE, the main focus was on the modulation of the optical response averaged over times much longer than the optical cycle, examining the time-averaged fine structure [18] and shifts in excitation structures [19] . In the present Letter, we examine DFKE in time domain, with a resolution much less than the cycle of the applied optical field. The DFKE response in subfemtosecond time resolution is very relevant to ultrafast optical switching in the teraherz or even petahertz (10 15 hertz) domain [5, 7] . A first experimental report on the DFKE with a femtosecond time resolution has recently been given by Novelli et al. [7] for GaAs, employing an intense pump pulse of THz frequency. They observed an interesting time shift between the pump pulse and the modulation of dielectric function, but the mechanism of the observed time profile was not understood. To uncover the physics of time-resolved DFKE, we develop a pump-probe formalism in two different theoretical approaches: first-principles numerical simulations based on time-dependent density functional theory (TDDFT [25] ) and analytic investigation for a two-band model. Combining two approaches, we can understand not only the strength of the modulation but the phase with respect to the pump field as well.
In real-time TDDFT, we describe electron dynamics in a unit cell of a crystalline solid under a spatiallyuniform electric field E(t). The method has been applied for calculations of linear optical responses [26] and nonlinear electronic excitations by intense laser pulses [27] [28] [29] [30] [31] [32] [33] . Treating the field by a vector potential A(t) = −c t dt ′ E(t ′ ), the electron dynamics is described by the following time-dependent Kohn-Sham (TDKS) equation:
where m is the electron mass and V ( r, t) is composed of electron-ion, electron-electron Hartree, and exchangecorrelation potentials. We use a norm-conserving pseudospotential for the electron-ion potential [34, 35] . For the exchange-correlation potential, we employ an adiabatic local density approximation, using the same functional form of the potential for both ground state and time evolution calculations [36] . We calculate electron dynamics in diamond, using a cubic unit cell containing eight carbon atoms. The TDKS equation is solved in real time and real space. The real-space grids of 22 3 is used for the unit cell, and 32
3 grids for the k-points. The Taylor expansion method is used for the time evolution [37] with a time step of ∆t = 0.02 in atomic unit. The number of time steps is typically 70,000.
An important output of the calculation is the average electric current density as a function of time. It is given by
where V is a volume of the unit cell. J N L (t) is the current caused by non-locality of the pseudopotential.
It should be mentioned that A(t) in the TDKS equation (1) is the vector potential in the medium and not that of the incidence pulse in the vacuum. As we discussed in [38] , the relation between the two depends on the macroscopic shape of the materials as well as the direction of the polarization. Exchange-correlation effects may also appear in the vector potential in timedependent current density functional theory [39] , which we ignore for simplicity.
To examine the DFKE, we carry out simulations solving the TDKS equation (1) including both pump and probe electric fields in the vector potential A(t) [32] . We assume that both pump and probe electric fields are linearly polarized and are orthogonal to each other. We denote the pump electric field as E P (t) and the probe electric field as E p (t). The probe electric field is assumed to be weak enough to be treated by the linear response theory. We denote the electric current caused by the probe field as J p (t). They are related by the time-domain conductivity σ(t, t ′ ) as
We note that the conductivity σ(t, t ′ ) depends on both times t and t ′ rather than just time difference t − t ′ due to the presence of the pump pulse.
We derive a frequency-dependent conductivity at time T from the conductivity σ(t, t ′ ). We first note that, in the absence of the pump electric field, the frequencydependent conductivityσ(ω) is related to the Fourier transforms of the electric field and the induced current as,
. This is derived from Eq. (3) noting t − t ′ dependence of the conductivity. We employ this relation in the presence of the strong pump field. To introduce the time T to explore the response, a pulsed electric field is employed for E p (t) whose envelope shows a maximum at t = T . Thus, in this consideration, the probe electric field has a dual role, to specify the time T at which we explore the response of the medium and to distort the medium to examine responses of the system. We consider that this dual role of the probe pulse will be adopted to measure the transient dielectric functions in most experiments.
In practice, we use the following electric fields. The pump field is of the form E P (t) = E 0,P f (t) sin Ωt with the central angular frequency Ω set to Ω = 0.4 eV; its direction is along the [001] axis. The field is turned on adiabatically by f (t), given by f (t) = sin 2 π 2TP t for 0 < t < T P and f (t) = 1 for t ≥ T P and T P =10 fs. The probe field is of the form
The average frequency ω p is set to 5.6 eV, which is equal to the calculated band gap energy of diamond in LDA. The field strength is set to E 0,p = 2.7 × 10 −3 MV/cm, which is small enough to probe the linear response of the medium. The pulse duration η is set to η = 0.7 fs. With such a short duration, we may scan the spectrum of broad frequency region around the band gap from a single pump-probe calculation.
The frequency-dependent conductivity is calculated as the ratio of the Fourier-tranformed current J p (t) and field
where g(t) is a filter function to suppress spurious oscillations arise from the numerical cutoff in the integration. Figure 1 shows an example of our pump-probe calculations. In (a), the blue-dashed line shows the electric fields of the pump field E P (t), and the red-solid line shows the electric field of the probe pulse E p (t). The magnitude of the pump electric field, E 0,P , is set to 20 MV/cm. The probe pulse is applied at a time when the magnitude of the pump field is maximum. The electric current induced by the probe pulse, J p (t), is shown by the blue-dashed line in (b). The conductivity is calculated from the probe current using Eq. (4), and then converted to the dielectric function using a formula ǫ = 1 + 4πiσ/ω, which is valid in the presence of the strong pump field. We first look at the case of strongest pump electric field, E 0,P = 50 MV/cm, shown in (f) and (k). We find that an increase of the absorption below and a decrease above the band gap are seen when the magnitude of the pump electric field is close to the maximum. The modulation is small when the electric field is close to zero. This fact indicates the static FKE appears instantaneously following the change of the pump field. We confirmed the modulation is well fitted by the static FKE formula if we assume the effective mass of µ = 0.25m. With this value of the effective mass, the adiabatic parameter γ is 29.5, much larger than unity, which is consistent with the appearance of the static FKE.
As the field intensity decreases, we find changes in two aspects, one along the frequency (vertical) axis and the other along the time (horizontal) axis. Above the band gap, we find an oscillatory behavior in the frequency (vertical) direction. This is clearly seen in the time-average behaviors shown in (g)-(k). For example, at the electric field of 10 MV/cm shown in (d) and (i), the modulation is negative between 5.6 eV (band gap) to 6.0 eV. It then becomes positive above 6.0 eV.
Along the time (horizontal) axis, we can see a striking change in the phase between the modulation and the pump electric field. At the strongest electric field (f), the modulation and the pump electric field is in phase, as mentioned above. As the intensity of the pump field decreases, a phase shift forward in time is seen. The amount of the phase difference increases as the magnitude of the pump field decreases, as seen from (b) to (f). At the lowest intensity (b), the modulation signals appear at times when the pump field is close to zero. The parameter γ for these intensities are (b) 0.29, (c) 0.58, (d) 1.19, and (e) 4.76. Thus the phase change becomes appreciable when the γ value is around and below unity.
To understand behaviors of the DFKE signals seen in the numerical simulation, we develop analytic consideration. In the following, we consider a system described by a time-dependent Schrödinger equation in place of the TDKS equation (1)
where V is a time-independent, lattice periodic potential. We assume that the solution is well approximated by the so-called Houston function [17, 40] . The Houston function is expressed using static Bloch orbitals u n, k ( r) and orbital energies ǫ n, k as
(5) We may construct an analytic expression for the conductivity σ(t, t ′ ) of (4) as given in the supplementary material. We further assume a two band model composed of occupied valence (v) and unoccupied conduction (c) bands. The electron-hole excitation energy is assumed to be parabolic,
, where ǫ g is the band gap energy and µ is the reduced mass of the electron and the hole. We also assume that matrix elements of a momentum operator is independent of crystalline momentum, u v k | − i ∇|u c k = p vc . We first consider a conductivity under a static electric field E. In this case, the conductivity in time domain depends on the time difference t − t ′ . Under assumptions described above, we obtain a modulation of the conductivity which coincides with an ordinary result of the static FKE,
where
, and A i (x) is the Airy function.
We now move to the case of time-dependent pump field given by A P (t) = A 0 cos Ωt. For the periodic pump field, the conductivity σ(t, t ′ ) has also a periodicity, σ(t, t ′ ) = σ(t − 2π/Ω, t ′ − 2π/Ω). Then the real part of the conductivityσ(T, ω) defined by Eq. (4) (with g(t) = 1) can be Fourier expanded as
For simplicity, we employ an instantaneous probe field, E p (t) = kδ(t − T ), in Eq. (4). Then, in the two-band model, C m (ω) and S m (ω) are given by
where ξ l,n (k) =
2 Ω, and
The derivation of this expression is given in the supplementary material. We note that the terms with m = ±1 are responsible for the phase shift seen in Fig.  2 .
We numerically calculate the change of the dielectric function ∆Im[ε(ω, T p )] using Eqs. (7) - (9) . Figure 3  (a)-(d) show the contour plot where the horizontal axis is the phase defined by ΩT p . In Fig. 3 (e) -(h), modulations averaged over time is shown by red-solid lines. Blue-dashed lines show results of static FKE: the timeaveraged modulation using static formula (6) where the parameter θ is evaluated using time-dependent electric field, E(t). The parameters in the two-band model are set to reproduce responses in the TDDFT calculations:
The frequency of pump field is set to Ω = 0.4 eV, the reduced mass is set to µ = 0.25, and the dipole matrix element is set to |p cv | 2 = 0.928 in atomic unit.
We first look at time-averaged modulations shown in panels (e)-(h). In all panels, we find appearances of absorption below the band gap and decrease above the band gap. They show a similar behavior to Fig. 2 (g)-(k) . We also find that the time-averaged modulation is quite close to the estimation by the static FKE, even at the smallest intensity where the γ value is much less than unity.
We next look at the time dependence of the modulation. At the strong pump electric field (d), we find a large modulation when the magnitude of the pump electric field is large. We find a phase shift as the pump electric field decreases. The maximum of the modulation moves forward in time. From these observations, we can say that all the features seen in the first-principles TDDFT calculations shown in Fig. 2 are reproduced by the analytic formula of Eqs. (7) - (9) of the simple twoband model.
In summary, we developed a theoretical pump-probe formalism to investigate the dynamical Franz-Keldysh effect in time-domain, in femtosecond time resolution much shorter than the optical cycle of the applied pump field. Both numerical simulations based on real-time time-dependent density functional theory and an analytic approach in the two-band model reveals the same behavior for the modulations of dielectric properties. We find the time-averaged behavior in the DFKE can be well described by the static FKE. The most remarkable feature of the DFKE is that there appears a phase shift between the modulation of the dielectric function and the applied pump field which becomes significant as the magnitude of the electric field decreases.
